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We discuss some aspects of Pereira et al. [1] concerning magnetars described by nonlinear theories
of the electromagnetism and make the case for the Born-Infeld Lagrangian. We focus on the increase
of toroidal magnetic fields in these systems with respect to ordinary magnetars and the subsequent
increase of gravitational wave production. In summary, nonlinear theories of the electromagnetism
would make it more likely for the detection of gravitational waves with future detectors, which
could constrain nonlinear aspects of electrodynamics not entirely possible on Earth-based particle
accelerators.
I. INTRODUCTION
Although magnetar phenomenology is relatively well-
known [2], we are far from fully understanding their
physics. They have been conceived as systems with su-
percritical surface magnetic fields (B > 4 × 1013 G and
usually of order 1014 − 1015 G) in order to explain their
burst, outburst and flare activities [2–4]. However, sub-
tleties are also present in these systems. For instance,
there are observationally known cases where they could
have subcritical dipolar magnetic fields [5–7], which nat-
urally drew interest to new models with predominant
toroidal magnetic fields [8]. Therefore, it is now ex-
pected that magnetars have huge (hidden) toroidal mag-
netic fields driving their phenomenology, and this clearly
motivates analysis of these configurations within nonlin-
ear electrodynamics. Apart from clear evidence thereof
in the context of QED [9], there are many other candi-
dates for nonlinear electrodynamics. We focus here on an
older proposal due to Born and Infeld [10], known today
to be a low energy limit to string theory [11]. The moti-
vation for this comes from the “gap” left in the probe of
its scale field b in some ATLAS experiments [12] and the
fact it could exactly be “filled up” by expected fields in
magnetars [1]. Though it seems unlikely the scale field
to the Born-Infeld Lagrangian should lie in such “small”
field range when string theory is taken into account, for
physically meaningful constraints it is important not to
leave any range of b behind, and it is very serendipitous
that what cannot be probed on Earth could exactly be
done with magnetars.
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II. NONLINEAR ELECTRODYNAMICS
WITHIN IDEAL MHD
Stars are believed to be highly ionized systems, which
should render them good conductors. We assume this to
be the case here and take the limit they are ideal con-
ductors, allowing us to work with ideal magnetohydrody-
namics (MHD) [13]. The relevant field equations in the
presence of nonlinear electrodynamics are (we work with
Gaussian units)
∇ · (LF ~E) = 4πρ, (1)
∇ · ~B = 0, (2)
∇× ~E = −
1
c
∂ ~B
∂t
(3)
and
∇× (LF ~B) =
4π
c
~j, (4)
where LF ≡ ∂L/∂F , F ≡ F
µνFµν (Fµν is the electro-
magnetic tensor), and L is the Lagrangian density of the
electromagnetism [1]. Besides, we have defined ρ as the
system’s charge density and ~j its current vector. For
a good conductive region of a rigidly rotating star with
an angular frequency ~ω and small tangential velocities ~v
(v/c≪ 1 v
.
= ||~v||), it follows that
~E = −
~v
c
× ~B = −
~ω × ~r
c
× ~B, (5)
which comes from the assumption that Ohm’s law also
holds for nonlinear electrodynamics, assumed here. One
2can eliminate ρ and ~j from Eqs. (1) and (4) by means of
Maxwellian (Ma) fields, and is left with
LF ~E = ~EMa +∇× ~C (6)
and
LF ~B = ~BMa +∇f, (7)
where ~C and f are arbitrary functions. Consistency with
MHD [see Eq. (5)] implies that
∇× ~C = −
~ω × ~r
c
×∇f. (8)
For the majority of cases, Eqs. (6) and (7) are merely
indicative, due to the difficulty in finding ~C, f , or even
the Maxwellian fields. However, for the case of toroidal
fields, the equations above greatly simplify the problem.
III. TOROIDAL BORN-INFELD FIELDS
We constrain ourselves to the case of dominating ax-
isymmetric toroidal fields, where ~B = Bφ(r, θ)φˆ (φˆ is the
azimuthal unit vector). This field is such that Eq. (2)
is automatically satisfied. From Eq. (5), toroidal fields
in rigidly rotating stars (we define the z-axis such that
~ω = ωzˆ, which means ~v = vφˆ, v being any) result in
~E = ~0, which automatically satisfies Eq. (3) and from
Eqs. (6) and (8) leads to ∇f = ~0. Thus, from Eq. (7)
(the only remaining nonlinear equation)
LFBφ = B
Ma
φ . (9)
Given that in the small field regime of nonlinear electro-
dynamics LF = 1−|something small| [14], one generically
has from the above equation that nonlinear toroidal fields
in ideal MHD are larger than their Maxwellian counter-
parts.
Let us particularize the above to the case of the Born-
Infeld Lagrangian taking into account Eq. (5). It is de-
fined as [1]
LB.I
.
= 4b2
(√
1 +
F
2b2
− 1
)
, (10)
where b is the scale field to the theory and F = 2( ~B2 −
~E2) ≈ B2. From Eqs. (9) and (10) one has that
Bφ =
bBMaφ√
b2 − (BMaφ )
2
, (11)
which clearly shows that Bφ > B
Ma
φ . Besides, for the
energy density ρ of the electromagnetic fields [1]
ρBI
ρMa
= 2
(
b
BMaφ
)2


1−
(
BMaφ
b
)2
− 1
2
− 1

 , (12)
which is always larger than unit for BMaφ < b, needed for
the consistency of Born-Infeld toroidal fields, as clearly
expressed by Eq. (11).
IV. SOME CONSEQUENCES
Larger magnetic fields should deform more stars, which
would imply larger magnetic ellipticities ǫ and hence pro-
duction of gravitational waves. Indeed, when ǫ is propor-
tional to the total magnetic field squared, it follows that
[1]
ǫBI
ǫMa
=
(
E˙BIGW
E˙MaGW
) 1
2
≈
(
∆EBIGW
∆EMaGW
) 1
2
≈

1−
(
BMaφ
b
)2
−1
,
(13)
where E˙GW is the energy loss due to gravitational waves.
It has been assumed that BMaφ is slowly varying within
the star, which is reasonable for confined fields and max-
imal estimates. Given that BMaφ < b [see Eq. (11)], one
has that the production of gravitational waves is larger
in the Born-Infeld theory than in Maxwell’s, as expected.
From Eq. (13), given a lower limit to b one could find
an upper limit to ǫBI , ǫul, which is
|ǫul| =

1−
(
BMaφ
bmin
)2
−1
|ǫMa|. (14)
At the same time, an upper limit to ǫBI would imply an
absolutely minimum value for b. The importance of the
above is that gravitational wave observations can already
constrain ellipticities, which could thus constrain aspects
to scale fields from nonlinear theories. Let us make some
estimates for the Born-Infeld Lagrangian.
Averaged toroidal Maxwellian fields could be estimated
from giant flare events with the help of
(BMaφ )
2 =
6Efl
R3
, (15)
with Efl the energy released during a magnetar flare
event and R the stellar radius. From it, one could eas-
ily estimate the Maxwellian magnetic ellipticity through
[1] |ǫMa| = R
4/(GM2)(BMaφ )
2 = 6REfl/(GM
2), where
M is the magnetar’s mass. Taking Efl = 10
47 erg, re-
lated to the energy budget of the largest flare of mag-
netar SGR 1806–20 [2], and by making use of fiducial
magnetar parameters [R = 10 km and M = 1.4 M⊙], it
follows that |ǫMa| = 1.20 × 10
−6. The absolutely mini-
mum value of b should be the one determined by Born-
Infeld themselves by means of the electron properties,
namely bmin ≈ 3.96 × 10
15 G. Thus, from the above,
|ǫul| ≈ 1.24× 10
−6 and ∆EBIGW /∆E
Ma
GW . 1.08.
Let us investigate other scenarios. Take now Efl =
1047 − 1048 erg, say Efl = 5 × 10
47 erg, which might
be a possibility to giant flare events when nonlinear elec-
trodynamics is present, or even to smaller than usual
3short GRBs [typical isotropic energy of ordinary short-
GRBs are in the range 1049 − 1052 erg [15]]. In this
case, |ǫul| ≈ 7.4 × 10
−6 [BMaφ = 1.7 × 10
15 G] and
∆EBIGW /∆E
Ma
GW . 1.53. Assume now magnetic fields just
as high as 1015 G are possible in magnetars. From Eq.
(13) it follows that ∆EBIGW /∆E
Ma
GW . 1.14, which in turn
results in |ǫul| ≈ 2× 10
−6.
V. CONCLUSIONS
We have shown that expected upper limits to the
norm of the magnetic ellipticities of magnetars would
be around 10−6 (10−5) and the maximum increase of
gravitational-wave energy released in Born-Infeld the-
ory with respect to Maxwell’s theory would be around
15% (even larger than 50%) for flare energy up to 1047
(1048) erg. From the above, naturally the best candidates
for testing nonlinear electrodynamics are magnetars with
large flare events, which would also imply much larger
production of gravitational waves. No continuous gravi-
tational wave detection from these systems would place
upper limits to the ellipticity and hence lower limits to
b, which could be cross-checked with already existing hy-
drogen atom experiments. The analysis presented here
should just be seen as first order estimates for nonlinear
effects in magnetars. Realistic systems should present
both poloidal and toroidal fields and within nonlinear
electrodynamics their study become much more intri-
cate, due to naturally occurring couplings of the fields
components. However, nonlinearities also add up terms
to the equations, which could be important to address
some problems in neutron stars such as known magnetic
field instabilites [16, 17].
Summing up, we have stressed that toroidal fields in
higly conductive nonlinear magnerars are larger than
their Maxwellian counterparts. This increases the emis-
sion of gravitational waves from these stars. Current con-
straints on the Born-Infeld theory, giant-flare energetics
and magnetic fields in magnetars suggest a maximum in-
crease of 10%−20% of gravitational wave energy emitted
from Born-Infeld magnetars. For larger giant-flare ener-
gies, much higher percentages may appear. Therefore,
the possibility may present to probing nonlinear electro-
dynamics with the advancement of gravitational-wave de-
tectors.
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